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Abstract: El-Said and El-Sherbeny [5] analyzed two-identical-unit cold standby system 
with two stages of repair. The whole repairing process of failed unit is supposed to be 
completed only in the second stage. The elapsed time between two-stages of repair is 
called the waiting time. Authors of [5] developed a model and claimed that the results 
obtained by them are for the case when all the time distributions are general. But they 
did not get any non-regenerative state in their model which indicates that they could not 
take care of their claim. The claim has been taken care of in the present paper, wherein a 
stochastic model is developed considering all the distributions as general. Expressions 
for various measures of the system effectiveness are obtained by making use of semi-
Markov processes and regenerative point technique. A particular case has also been 
discussed where all the distributions of times have been taken as exponential. Various 
conclusions and bounds pertaining to the profit of the system have also been obtained. 
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1.  Introduction 

Redundancy is often resorted to enhance the reliability of a system. Two-unit standby 
redundant systems have been studied extenstively by large number of researchers 
including [1-4].  El-Said and El-Sherbeny [5] studied two-unit cold standby system having 
two-stages of repairs. Mathews et al. [6] did reliability analysis of two unit parallel CC 
plant system operative with full installed capacity. Wu [7] analyzed the reliability of two 
components cold standby repairable system, which may fail due to intrinsic or external 
factors such as shocks. Jain and Gupta [8] discussed optimal repair policy for a repairable 
system having single repair facility with multiple vacations and imperfect fault coverage.  
     In the study carried out by [5] the whole repairing process of failed unit is partitioned 
in two stages. In the first stage of repair, repairing process is started, but remains 
incomplete. The repair process is supposed to be completed after second stage. They 
called the elapsed time between two-stages of repair as the waiting time. Authors claimed 
to have taken arbitrary life time, waiting time and repair time. But actually arbitrary 
distributions have not been taken by them which is evident from the states of transition 
taken by them. Non-existence of non-regenerative states cannot be avoided if all the 
distributions of times are arbitrary for such a system. They considered all the entrance 
epochs into the states as regenerative which holds true only for a distribution which has 
memory-less property i.e., exponential distribution in this case. So, the study has not been 
carried out taking arbitrary distributions. Other assumptions taken are as usual for which 
[2] may be referred to. 
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     Taking care of the claim, not justified by [5], we developed a stochastic model and a 
new system of equations which comes out in case of taking arbitrary time distribution. 
Further, authors of [5] had taken the same cost per unit time for the engagement of 
repairman in two stages whereas practically such costs are different and hence different 
costs have been taken in the two stages to make the model more general.  System is 
analyzed by making use of semi-Markov processes and regenerative point technique.  
     Expressions for various measures of the system effectiveness such as reliability, 
MTSF, time-dependent availability, steady-state availability, total fraction of time for 
which repairman is busy in first stage as well as in second stage of repair and profit 
function is obtained. Various conclusions and bounds pertaining to profit of the system 
have also been obtained on the basis of graphical study for a particular case. 

 2.  Notation 

Mi(t): probability that system up initially in regenerative state Si  is up at time t without  
          passing through any other regenerative state or returning to itself through one or  
          more non-regenerative states.  
WiF(S) : probability that the repairman is busy in regenerative state Si for first (second)  
           stage of repair at time t without passing through any other regenerative state. 
f(t), F(t) : pdf and cdf  of the failure rate. 
h(t),H(t) : pdf and cdf  of the waiting time. 
g(t),G(t) : pdf and cdf  of the repair time of a repairman. 
E1(t) =   h(t)F(t),            E2(t) =   f(t)G(t),   E3(t) =   g(t)F(t),   
E4(t) =  H(t)F(t),             E5(t) =  f(t) H(t),   E6(t) =  G(t)F(t). 
For some standard notation, one may refer to [2]. 

Symbols for the states of the system 

O/OC1/OC2/ S: unit is operative/ is operative continued from state S1/ is              
                             operative continued from state S2/ is in standby mode. 
 r1/ r2:   unit is in failure mode and in the first stage of repair/ is in failure mode  
  and in the second  stage of repair. 
 R1/R2:  unit is in failure mode and in first stage of repair continued from earlier  
  state/in second stage of repair continued from earlier state. 
 wr1:    waiting for first stage of repair. 

3.   State Transitions, Probabilities and Sojourn Time 

It is worth mentioning here that [5] considered the states S0 = (O, S), S1= (r1, O),                       
S2= (r2, O), S3= (r1, wr1), S4= (r2, wr1) and the state transitions as: 

Table 1: Transitions of State Considered in [5] 
From S0 S1 S1 S2 S2 S3 S4 

To S1 S2 S3 S0 S4 S4 S1 

All the above states are regenerative. However, if the arbitrary time distributions are 
taken, then the possible states include non-regenerative states also. The transition states 
for the present model are: S0 = (O, S), S1= (r1, O), S2= (r2, OC1), S3= (R1, wr1),                          
S4= (OC2, S), S5= (r2, wr1), S6= (R2, wr1). Where S0, S1, S2 and S4 are up states; S3, S5 
and S6 are down states. The set E= {S0, S1, S5} is a set of regenerative states and E= {S2, 
S3, S4, S6} is a set of non-regenerative states. Thus, the possible transitions would be: 
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Table 2: Possible Transitions of States 
From S0 S1 S1 S1 S5 

To S1 S5 S1 S1 S1 
Via ----- S3 S2 and S4 S2 and S6 ----- 

 
With non-zero elements, 
p01 = ∫ f(t)dt,                        p13 = ∫ E5 (t)dt,                  p16

(2) = ∫{E1 (t)©E2(t)}dt, 
p15

(3) = ∫{E5 (t)©h(t)}dt,    p51 = ∫ g(t)dt ,                      p11
(2,6) = ∫{E1 (t)©E2(t)©g(t)}dt 

p11
(2,4) = �{E1 (t)©E3(t)©f(t)}dt.  

Mean sojourn time (µi) in state Si  E is given by the following expressions 

µ0 = � F (t)dt , µ1 = �E4 (t)dt,       µ5 = �G (t)dt 

The unconditional mean time taken by the system to transit for any regenerative state ‘j’ 
when it (time) is counted from the epoch of entrance in to state ‘i’ is given as  

m01 = � tf(t)d𝑡,    m13 = � tE5 (t)dt,      m16
(2) = � t{E1 (t)©E2(t)}dt,   m51 = � tg(t)dt, 

m11
(2,4) = � t{E1 (t)©E3(t)©f(t)}dt, m15

(3) = � t{E5 (t)©h(t)}dt 

m11
(2,6) = � t{E1 (t)©E2(t)©g(t)}dt 

4.   Reliability and MTSF 

Let  φi(t)) be c.d.f. of the first passage time from regenerative state i to a failed state. 
Regarding the failed state as absorbing state and employing the arguments used for 
regenerative processes, we have the following recursive relations for φi(t): 
𝜑0(𝑡) = Q01(t) φ1(t) 
φ1(t) = Q13(t) + Q16

(2)(t) + Q11
(2,4)(t) φ1(t) 

Making use of Laplace- Stieltjes Transform (L.S.T.) for equations and solving them 
for 𝜑0∗∗(𝑠), The reliability R(t) of the system  in time t is given by expression 

R(t) = L−1[{1 − 𝜑0∗∗(s)} s] =⁄ L−1[N(s) D(s)]⁄  
Where, N(s) = 1 − Q11

(2,4)∗∗(s) − Q01
∗∗ (s)Q13

∗∗ (s) − Q16
(2)∗∗(s)Q13

∗∗ (s) 
D(s) = s�1 − Q11

(2,4)∗∗(s)� 
Now the mean time to system failure (MTSF) when system starts from the state S0 is 

MTSF = � R(t)dt
∞

0
= N D⁄  

Where,N = m01�1 − p11
(2,4)� + �m11

(2,4) + m13 + m16
(2)� 

D = 1 − p11
(2,4) 

5.   Availability Analysis 

Let Ai(t) be the probability that system is in upstate at instant t given that the system 
entered regenerative state i at t= 0.  Using the probabilistic arguments we have the 
following recursive relations for Ai(t): 
A0(t)= M0(t) + q01(t)© A1 (t) 
A1(t)= M1(t) + q11

(2,4)©A1(t) + q11
(2,6)©A1(t) + q15

(3)©A5(t) 
A5(t)= q51(t)©A1(t) 

S

S
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Making use of Laplace-Transform (L.T.) for equations and solving for A0
∗ (s), 

A0
∗ (s) = N1(s) D1⁄ (s) 

Where, N1(s) = q01∗ (s)M1
∗(s) + M0

∗(s){1 − q11
(2,4)∗(s) − q11

(2,6)∗(s) − q15
(3)∗(s)q51∗ (s)} 

D1(s) = {1 − q11
(2,4)∗(s) − q11

(2,6)∗(s) − q15
(3)∗(s)q51∗ (s)} 

Time-dependent availability of the system is given by, 
A0(t) = L−1[N1(s) D1⁄ (s)] 

 In steady-state availability of the system is given by 
A∞ = lim

s→0
sA0

∗ (s) = N1 D1⁄  
Where,  N1 = M1

∗(0) 
D1 = m15

(3) + m11
(2,4) + m11

(2,6) + p15
(3)m51 

M0(t)= F(t) and  M1(t) = E4(t) + {E1(t)©E6(t)} + {E1(t)©E3(t)©F(t)} 

6. Busy Period Analysis 

(i)Expected busy period for first stage repair 
Let Bi

F(t) be probability that repairman is busy in first stage of repair at instant t, given 
that the system entered regenerative state i at t = 0.Procceding in the similar manner as 
earlier, time-dependent busy period for first stage of repair is given by,                                                                                    
                                                  B0

F(t) = L−1[N2(s) D1⁄ (s)]                                                             
     In steady-state, total fraction of time for which, the repairman is busy for first stage of 
repair, is given by  

B∞
F = lim

s→0
sB0

F∗ (s) = N2 D1⁄  

where,  N2(s) = q01∗ (s)W1F
∗ (s) 

N2 = W1F
∗ (0) 

and  W1F(t) = E4(t) + {E5(t)©H(t)} 

 (ii) Expected busy period for second stage repair 

 Similarly, time-dependent busy period for second stage of repair is given by,                                                                          
                                             B0

S(t) = L−1[N3(s) D1⁄ (s)]                                                                 
In  steady-state, total fraction of time for which, the repairman is busy for second stage of 
repair, is given by  B∞

S = N3 D1⁄                          
Where, N3(s) = q01∗ (s){W1S

∗ (s) + q15
(3)∗(s)W5S

∗ (s)} 
N3 = W1S

∗ (0) + p15
(3)W5S

∗ (0)  
W5S(t)= G(t)  and W1S(t) = {E1(t)©E6(t)} + {E1(t)©E2(t)©G(t)} 

7.    Cost-Benefit Analysis  

The revenue and cost functions lead to the profit function of a firm. As the profit is excess 
of revenue over the cost of production, the profit function takes the form  

P (t) = Expected revenue in (0, t] – Expected total cost in (0, t] 
     Now, the expected profit P(t) per unit time incurred to the system is given by                      
                                                 P(t) = C0A0(t) − C1B0

F(t) − C2B0
S(t)                                                                               

In steady-state expected profit P∞ per unit time is                                                                                
                                                  P∞ = C0A∞ − C1B∞

F − C2B∞
S                                                          

where, C0 = Revenue per unit uptime,                                                                                                    
C1 = Cost per unit time for which repairman is busy for first stage of repair,                                           
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C2 = Cost per unit time for which repairman is busy for second stage of repair.                       
Hence the bounds for revenue/costs for the system to be profitable are: 

Table 3: Bounds for Revenue/Costs 

Revenue/Costs Bound (Lower/Upper) Value 

C0 Lower (C1B∞
F + C2B∞

S) A∞⁄  

C1 Upper (C0A∞ − C2B∞
S) B∞

F⁄  

C2 Upper (C0A∞ − C1B∞
F) B∞

S⁄  

8.    Numerical Results and Discussion 

Considering f(t) = λe−λt, h(t) = βe−βt, g(t) = αe−αt, and setting =0.001,  =0.8 and     
=0.2, the values of various measures of system effectiveness are: 

MTSF = 161838.4 hrs 
Availability(A∞) =0.9999674 
     Expected busy period of repairman for first stage repair(B∞

F ) = 1.249958 E-03 
     Expected busy period of repairman for second stage repair(B∞

S ) = 4.999838 E-03 
     On the basis of the graphs plotted to see the behavior of Reliability {R (t)}, 
Availability {A0 (t)} and Profit {P (t)} w.r.t time (t) for different values of failure rate and 
repair rate respectively, it is concluded that 
a) Reliability {R (t)} decreases with increase in time and it has higher value for lower 

value of failure rate (λ). 
b) Availability {A0 (t)} and Profit {P (t)} both get decreased with increase in time and 

has higher values for higher values of repair rate(α). 
c) MTSF and Availability (A∞) decreases as failure rate ( ) increases and has higher 

values for higher values of repair rate ( ). 
      Behavior of Profit (P∞) w.r.t. revenue per unit uptime (C0) for different values of the 
cost (C1) and for different values of rate ( ) has been observed by plotting the graph as 
shown in Figure 1 and Figure 2 respectively. It is interpreted that  
a) Profit increases with increase in the revenue and has higher values for lower values of 

cost (C1) per unit time. 
b) For C1 =500, the profit is positive, zero or negative according as  C0 > or = or < 

16.25. Hence for C1 =500, C0 should be more than 16.25 to get the profit.    
c) C1 =1500, the profit is positive, zero or negative according as C0 > or = or < 18.75.    

Hence for C1 =1500, C0 should be more than 18.75 to get the profit. 
d) For C1 =2500, the profit is positive, zero or negative according as C0 > or = or < 

21.75. Hence for C1 =2500, C0 should be more than 21.75 to get the profit.                                                                                                    
e) Profit increases with increase in the revenue and has higher values for higher values 

of   rate ( ). 
f) For =0.2, the profit is positive, zero or negative according as C0 > or = or < 8. 

Hence for =0.2, C0 should be more than 8 to get the profit.  
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Figure 1: Profit (P∞) versus revenue (C0) 

for different values of rate (C1) 
Figure 2:Profit (P∞) versus revenue (C0) 

for different values of rate (β) 
 

g) For  =0.3, the profit is positive, zero or negative according as C0 > or = or < 
7.33.Hence for β =0.3, C0 should be more than 7.33 to get the profit.   

h) For  =1, the profit is positive, zero or negative according as C0 > or = or < 6.4. 
Hence for β =1, C0 should be more than 6.4 to get the profit.                                           

9. Conclusion                                                                                                    

In this paper, we successfully developed a stochastic model for a standby system having 
two-stages of repair by considering all the time distributions as arbitrary. Various 
measures of system effectiveness are also obtained. To have a system beneficial for the 
users, bounds have been obtained for revenue/costs which help in taking various 
important decisions. Though the general results have been obtained in the present paper, 
the numerical results have been shown for exponential case only. However, the users of 
such systems may fit our model to their system by using the general results obtained for 
any other particular distribution viz., Weibull, Gamma, Erlang, etc., or a distribution 
which satisfies the data available to them for the system in use. 
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